A thermodynamic framework is proposed to model the effect of mechanical stress and temperature on crack opening and closure in rocks. The model is based on Continuum Damage Mechanics with damage defined as the second-order crack density tensor. The free energy of damaged rock is expressed as a function of deformation, temperature and damage. The damage criterion controls mode I crack propagation, captures temperature-induced decrease of rock toughness, and accounts for the increase of energy release rate necessary to propagate cracks induced by damage. Crack closure is modeled through unilateral effects produced on rock stiffness. Simulations show that: (1) under anisotropic mechanical boundary conditions, crack closure occurs during cooling, (2) the thermo-mechanical strain energy necessary to close cracks during cooling is larger than the strain energy needed to close the cracks by mechanical compression. Parametric study highlights the thermo-mechanical stress redistributions occurring during closure. The proposed framework is expected to bring new insights in the design and reliability assessment of geotechnical reservoirs and repositories.
Introduction
Crack initiation and propagation are important issues in the design of geotechnical reservoirs and repositories. Thermo-mechanical stresses can originate various micro-structure changes, such as void nucleation, mode I crack opening, and linkage of shear cracks. In Continuum Damage Mechanics (CDM), the strain energy loss due to crack propagation is used to compute damaged stiffness and deformation. This approach is purely energetic and does not require a geometric description of the crack pattern. The second-order crack density tensor defined by Kachanov (1992) is particularly well-suited to evaluate damaged elastic properties of a solid with non-interacting cracks. Closure of tensile cracks allows recovery of compressive strength rather than close residual cracks (i.e., cracks that remain open after release of tensile loading). The two last terms of the free energy (− 1 2τ 0 C(Ω)τ 2 − τ K(Ω) : ε E ) are the classical linear thermo-elastic energy potentials. λ and µ are Lamé coefficients, g, α, and β are damaged material parameters, τ 0 is the initial temperature, τ is the temperature change, C(Ω) is the damaged heat capacity, K(Ω) is the product of the damaged bulk modulus (k(Ω)) by the solid skeleton thermal expansion coefficient (α T ). Cracks are assumed to reduce the area of effective material surfaces that can resist internal forces. However, in the undamaged part of the bulk (i.e. outside the cracks), solid properties are unchanged. That is the reason why the thermal expansion coefficient α T is assumed to remain constant, while the bulk modulus k(Ω) depends on damage.
Conjugation relationships provide the expressions of stress and damage-driving force, with the damage-driving force further decomposed into two parts:
Incremental constitutive relationships
Stress evolution can be derived from Eq. (3):
The total deformation tensor is split into three components (Abu Al-Rub and Voyiadjis, 2003) , as shown in Fig. 1 :
in which ε e is the purely elastic deformation recoverable by unloading in the absence of damage. ε ed is the additional elastic deformation associated with the change of stiffness due to damage. ε id is the irreversible deformation induced by damage, representing residual cracks that remain open after unloading. Total elastic deformation is the sum of purely elastic and damage-induced elastic deformation: ε E = ε e +ε ed . The increment of elastic deformation is split into a mechanical and a thermal component:
The damage criterion is expressed as the difference between the norm of an energy re- lease rate and an energy threshold. The latter depends on hardening variables. Only certain components of the thermodynamic variable conjugate to damage (Y) is expected to contribute to crack propagation, mainly: mechanical and thermal tensile stress maintaining cracks open after unloading. In addition, rock toughness is expected to decrease with a temperature increase. The purpose of the following development is to define a function for the energy release rate involved in the damage criterion, according to the physical trends explained above. The damage driving force component Y 1 (Eq. (5)) is decomposed into:
In mode I crack propagation, it is assumed that Y 1a + will be the dominating damagedriving force. Note that Y 1a + accounts for tensile deformation due to internal tensile forces induced by mechanical stress or temperature increase (Eq. (9)). Y 2 (Eq. (6)) accounts for the change of rock properties due to temperature changes (Y 2 = 0 in a purely mechanical damage model). A quick dimensional analysis indicates that the term
∂K(Ω) ∂Ω
). According to the definition of the bulk modulus, and according to Eqs. (2) and (6), Y 2 should be proportional to α T (α + 2β)τ , and should vary like a polynomial of order one in elastic deformation. In addition, inter-particle distance in rock increases with temperature. At higher temperatures, it requires more energy to increase the distance between rock crystals by propagating a crack. To counter-act the tensile damage-driving force Y 1a + , the following thermal damage-driving force can be defined:
where ε E+ is the tensile elastic deformation, which indicates the increase of interparticle distance at high temperature. A is a proportionality constant. As a conclusion, the total damage-driving force retained in the proposed thermo-mechanical damage model (noted Y d + ) is defined as:
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The damage criterion is written in the form of "norm of force -threshold":
in which C 0 is the initial damage threshold which is necessary to trigger damage, and C 1 is a parameter which controls crack growth with cumulated damage. Using the consistency conditions (i.e., f d = 0 andḟ d = 0), the increments of Lagrange multiplier and damage are calculated as:
Unilateral effects of crack closure on damaged stiffness
The recovery of compression strength by the closure of tensile cracks is known as unilateral effects in Continuum Damage Mechanics. In general, the expression of unilateral recovery of stiffness induced by crack closure is (Chaboche, 1993) :
in which D ef f (Ω) is the partially recovered stiffness tensor and P i is the fourth order projection tensor (projection in crack planes normal to direction i). H is the Heaviside function. η is a parameter the indicates the degree of maximum stiffness recovery (0 < η ≤ 1). In the following simulations, it is assumed that stiffness is fully recovered (η = 1) under compression loading when cracks are closed.
Numerical Study of Thermo-Mechanical Crack Closure

Unilateral effects of crack closure on damaged stiffness
An algorithm has been written in MATLAB to simulate crack opening and closure under axis-symmetric uniaxial loading, with the thermo-mechanical (TM) damage model presented above. Mechanical and damage parameters calibrated by Halm & Dragon (1998) for Fontainebleau sandstone are used. The only thermal parameter required is the thermal expansion coefficient, which is given a standard value for rock materials ( Table 1) .
The thermo-mechanical test simulated consists of a uniaxial tension phase, followed by a compression phase to release tensile stress. After this second phase, elastic • a decrease of temperature under the constraint that axial deformation is zero,
• a purely mechanical axial compression (at constant temperature). The present analysis focuses on opening and closure of one family of cracks perpendicular to the axis of loading. That is why compression in the third loading phase is kept below sandstone compression strength (to avoid the formation of axial cracks). The principle of the test is explained in Table 2 . Soil mechanics sign convention is adopted (i.e. compression is counted positive). (1) Uniaxial tension (OA-AB) The sample is loaded by increasing the axial tensile strain with a constant strain rate (∆ε 1 ). Temperature and lateral stress are kept constant (∆σ 2 = ∆σ 3 = 0, ∆T = 0). Crack planes perpendicular to the axis are produced due to the tensile stress. The sample is unloaded in order to release the tensile stresses completely. The unloading process is elastic (linear stress/strain plot), and only the elastic part of crack-induced deformation is compensated (at the end of this loading phase: ε ed = 0, but ε id = 0).
(3) Further compression: full closure and unilateral effects (CD-DE) Residual cracks are expected to close either by cooling or by mechanical compression (Table 2) . During cooling (3a), mechanical boundary conditions are applied: the sample is free to contract laterally, but not axially (∆ 1 = 0, ∆σ 2 = ∆σ 3 = 0). Consequently, internal tensile forces develop in the undamaged part of the sample (i.e., outside the cracks). In virtue of the principle of action and reaction, cracks close due to internal compression forces that act at crack faces (3a, Table 2 ). In the mechanical compression phase (3b), further compressive strain is applied at a constant rate (∆ε 1 ) under constant lateral stress (∆σ 2 = ∆σ 3 = 0).
Thermo-mechanical (TM) crack closure
During the first loading phase, an axial tensile strain of ε 1 = −0.0011 is applied incrementally (at constant rate). Rock tensile strength is relatively low, so that damage starts to develop quickly after the tensile load is applied. Correspondingly, the stressstrain curve is linear on a very short interval (OA, Fig. 2 .a), which is followed by a non-linear response (AB, Fig. 2 .a) associated to the development of damage (Fig. 3.b) . During the stress release phase, the sample is unloaded elastically, and elastic deformation induced by damage (ε ed ) is recovered (BC, Fig. 2 .a). During this phase, neither the damage-driving force or damage evolve (BC, Fig. 3 ). Cooling is simulated with ∆T = −300K. Axial deformation is fixed (ε 1 = 0). In virtue of action/reaction principles, compressive thermal stresses apply to crack faces (CD 1 , Fig. 2.b) . The slope of the thermal stress/thermal strain diagram depends on the bulk modulus. When cracks are completely closed, unilateral effects induce an Fig. 2.b) . During the cooling phase, lateral deformation is a contraction, and the sum of thermal and mechanical axial deformation is zero, so that the damage driving force defined in Eq. (13) remains constant. As a result, damage does not increase (C-D 1 -E 1 , Fig. 3) . 
Comparison of thermo-mechanical (TM) to purely mechanical (M) crack closure
The same extension and stress release phases as Section 3.2 are simulated again, followed by a purely mechanical compression phase (3b. in Table 2 ). As long as total deformation is negative (tension), the slope (CD 2 ) of the stress/strain diagram in stage 3 is the same as in stage 2 (BC) (Fig. 4) . Once residual cracks are completely closed (i.e., ε = 0), deformation becomes positive (compression), and unilateral effects induce mechanical stiffness recovery in compression. As a result, the slope of the stress/strain diagram becomes steeper (D 2 E 2 in Fig. 4 ) and is actually equal to the slope of OA. The combined plots shown in Fig. 5 reveal that both thermo-mechanical and purely mechanical processes can completely close the residual cracks. The relative position of the stress/strain diagrams shows that the strain energy needed to close residual cracks by mechanical compression is less than the energy associated to the equivalent thermal deformation developed during cooling. Mechanical compression is more work-efficient than cooling to close the cracks.
Parametric study on the initial state of damage
A parametric study is conducted in order to explore the effect of initial damage, i.e. the effect of damage generated after the tensile loading phase. Axial tension is simulated for four values of maximum deformation: -0.0003, -0.0006, -0.0009, and -0.0011. As could be expected, higher initial damage result in smaller stiffness, which is illustrated by the decrease of the slope of the mechanical unloading curve (BC) as axial deformation is increased (Fig. 6) . The stress needed to close completely the residual cracks increases with the tensile loading applied in stage 1.
When "residual cracks" are closed by cooling-induced compression, it is found (Fig. 7) that the temperature change needed to close residual cracks increases with the tensile loading applied in stage 1 (i.e. with initial damage). The required temperature drop increases (in absolute value) from -58K (ε 1 = −0.0003), -120K (ε 1 = −0.0006), -201K (ε 1 = −0.0009) to -274K (ε 1 = −0.0011). Higher initial damage result in smaller bulk modulus, which is illustrated by the decrease of the slopes of obtained during stress release and cooling (Fig. 7) . 
Conclusion
A thermodynamic framework is proposed to model the effect of mechanical stress and temperature on crack opening and closure in rock. The model is based on CDM, with damage defined as the second-order crack density tensor. Halm & Dragon's model (1998) is used as a basis to postulate the free energy, in the form of a polynomial of deformation, temperature and damage. Thermo-elastic energy potentials are made dependent on damage -by assuming that in addition to the bulk modulus, heat capacity is affected by damage. Conjugation relationships indicate that stress and damage-driving force depend on internal variables (e.g., damage) and external variables (e.g., strain and temperature). The energy release rate controlling damage propagation is a modified damage driving force. The damage criterion controls mode I crack propagation, captures temperature-induced decrease of rock toughness, and accounts for the increase of energy release rate necessary to propagate cracks in a damaged medium. Crack closure is modeled through unilateral effects produced on rock stiffness.
Uniaxial tension tests followed by unloading and further compression have been simulated using MATLAB. The degradation of stiffness due to tensile stress and recovery of stiffness due to unilateral effects are well captured. Simulation of the confined cooling phase also illustrates the capability of the model to predict crack closure induced by coupled thermo-mechanical stresses. Parametric studies highlight the TM stress redistributions occurring during closure. Further work will be dedicated to model validation and calibration against published experimental data, to the simulation of crack opening under compression after closure of tension-induced cracks, and to the modeling of the coupled effects of crack opening, closure and healing.
